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Abstract
Given a cyclic d-tuple of integers at least 3, we consider the class of all 1-ended 3-connected d-valent planar maps such that
every vertex manifests this d-tuple as the (clockwise or counterclockwise) cyclic order of covalences of its incident faces. We obtain
necessary and/or sufﬁcient conditions for the class to contain a Cayley map, a non-Cayley map whose underlying graph is a Cayley
graph, a vertex-transitive graph whose subgroup of orientation-preserving automorphisms acts (or fails to act) vertex-transitively, a
non-vertex-transitive map, or no planar map at all.
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1. Introduction and preliminaries
Two frequently investigated topics in the study of inﬁnite planar maps are the geometry of tilings and the symmetries
of such maps (see notably the work of Grünbaum and Shephard [4] and of Graver and Watkins [2]). Let us at the outset
establish that unless explicitly stated otherwise, throughout this article the term map means a 3-connected, 1-ended,
locally ﬁnite planar map. Maps may be ﬁnite or inﬁnite, and we do not distinguish between whether they are embedded
in the Euclidean plane or in the hyperbolic plane (though most frequently we will be dealing with the latter). It is well
known that for such a map, any automorphism of its underlying graph is extendable to a homeomorphism of the plane.
In an intuitive sense, the “most symmetric” planarmaps are the regular tessellations. These are the planar tessellations
all of whose vertices have the same valence d and all of whose faces have the same covalence k. For such maps the
group of orientation-preserving automorphisms acts regularly on the set of darts (edges with preassigned direction),
and hence the regular tessellations are also both vertex- and face-transitive. Moreover, each pair of integers d and k
determines a unique map [5]. A broader class of inﬁnite planar graphs are those that are merely edge-transitive; they
have been classiﬁed in detail by Graver and Watkins [2] in both the 1-ended and the multi-ended cases. Such maps are
edge-homogeneous, in the sense that every edgemanifests the same pair of values (possibly equal) of its incident vertices
and, dually, of its incident faces. Grünbaum and Shephard [5] showed for the 1-ended case that edge-homogeneous
maps are uniquely determined by these pairs of values and that edge-homogeneity implies edge-transitivity.Analogous
results are partly true in the 2-ended case [21] but fail in the inﬁnite-ended case [2]. (Combining results of Halin [6]
and Jung [8] yields that the number of ends of an almost-transitive, inﬁnite, locally ﬁnite connected graph is exactly 1,
2, or 2ℵ0 .)
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With the goal of measuring the growth of tessellations of the hyperbolic plane, Moran [12] considered certain classes
of maps, or “tilings”, that are face-homogeneous, meaning that the cyclic sequence of valences of incident vertices is
the same about every face. In particular, she investigated in detail the regular tessellations mentioned above and all
3-covalent tessellations. The investigation of the present paper concerns the dual situation to that of Moran, namely
“vertex-homogeneous” tessellations, and we classify their symmetry according to a schema described below. Let us
give some precise deﬁnitions.
Given a d-tuple  = (k0, k1, . . . , kd−1), its reverse is the d-tuple −1 = (kd−1, . . . , k1, k0).
Deﬁnition 1.1. Let M be a map and let v be a d-valent vertex of M. A covalence sequence at v is a cyclic d-tuple
(k0, k1, . . . , kd−1) of integers 3 that lists in cyclic order the covalences of the faces incident with v as one proceeds
around v in either the clockwise or counterclockwise direction. Thus we make the identiﬁcation
(k0, k1, . . . , kd−1) ≡ (k1, . . . , kd−1, k0).
If a given cyclic d-tuple  has the property that for every vertex v of M either  or −1 is the clockwise covalence
sequence of v, then we say that M is vertex-homogeneous and that M has covalence sequence .
Notation: If  is a cyclic d-tuple, then  = t means that  is formed by catenating t1 copies of some b-tuple ,
where b | d.
For a map M, we let V (M), E(M), F (M),Aut(M), and Aut+(M) denote, respectively, the vertex set, the edge
set, the face set, the automorphism group, and the subgroup of orientation-preserving automorphisms of M. We say
that M is orientably vertex-transitive if Aut+(M) acts transitively on V (M). Note that the index [Aut(M) : Aut+(M)]
always equals 1 or 2.
Following [18], one may deﬁne a Cayley map to be a map such that some subgroup of Aut+(M) acts regularly on
V (M). Thus, the underlying graph of a Cayley map is a Cayley graph (cf. Proposition 1.1), and all vertices have the
same covalence sequence in the clockwise direction. (An equivalent formulation of this notion will be given at the
beginning of the next section.)
Deﬁnition 1.2. A vertex-homogeneous map M is at:
Level 1: If M is not vertex-transitive.
Level 2: If M is vertex-transitive but not orientably vertex-transitive and the underlying graph of M is not a Cayley
graph.
Level 3A: If the underlying graph of M is a Cayley graph but M is not orientably vertex-transitive.
Level 3B: If M is orientably vertex-transitive but the underlying graph of M is not a Cayley graph.
Level 4: If M is a Cayley map.
LetM() denote the class of all d-valent vertex-homogeneous maps M such that the cyclic sequence  is a covalence
sequence at every vertex of M. In these terms we can now state the main thrust of our investigation.
General Problem. Given a cyclic sequence , determine the levels (and how many at each level) of the maps inM().
To round out the above classiﬁcation, we need
Level 0:M() is empty, i.e.,  is not realizable by a map.
Aside from Level 0,M() may contain maps at more than one level as well as many different maps at the same
level.
This article is organized as follows. In Section 2 we characterize the covalence sequences of Cayley maps (Level 4).
This result combinedwith a “truncation” techniquewill be used inSection 3 to obtain a corresponding characterization of
orientably vertex-transitive maps (Level at least 3B). Some properties of covalence sequences of vertex-transitive maps
in general (Level at least 2) are given in Section 4. Covalence sequences of ﬁnite vertex-transitive maps are discussed in
Section 5. Section 6 contains a sample of sufﬁcient conditions and necessary conditions for non-realizability (Level 0)
of a covalence sequence. Following some Concluding Remarks is an Appendix in tabular form completely classifying
maps of valences 3–5.
This introductory section concludes with some statements of known results that will be invoked in the course of our
work.
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Proposition 1.1 (Sabidussi [15]). A graph  is a Cayley graph of a group G if and only if there is a subgroup of
Aut() isomorphic to G that acts regularly on V ().
Proposition 1.2 (Grünbaum and Shephard [5]). There exists an edge-homogeneous (ﬁnite or 1-ended) map with
valences d1 and d2 and covalences k1 and k2 if and only if d1, d2, k1, k2 are integers 3 and exactly one of the
following holds:
(1) all of d1, d2, k1, k2 are even;
(2) k1 = k2 and at least one of d1, d2 is odd;
(3) d1 = d2 and at least one of k1, k2 is odd;
(4) d1 = d2, k1 = k2, and all are odd.
Such a map is edge-transitive and is uniquely determined by the parameters d1, d2, k1 and k2. If d1 = d2, then it is
vertex-transitive. If k1 = k2, then it is face-transitive.
Proposition 1.3 (Richter et al. [14] Theorem 2.2). A d-valent map M on an orientable surface is a Cayley map if and
only if M is a regular covering space of a single-vertex d-valent map M1 on some orientable surface, or equivalently,
M can be obtained as a lift of M1 by a suitable voltage assignment on the dart set of M1 in some group.
Proposition 1.4 (Richter et al. [14] Theorem 10.1). Let d and k be positive integers 3 and let M have covalence
sequence (k)d . The following are equivalent:
(1) M is a Cayley map.
(2) The underlying graph of M is a Cayley graph.
(3) The integer k has a prime divisor p such that pd.
2. Covalence sequences of Cayley maps (Level 4)
We assume that the reader is familiar with basic notions from the theory of graphs and maps including, in particular,
(ﬁnite or inﬁnite) planar maps and vertex- and edge-transitivity of maps. As Cayley maps are a more recent notion, we
review for completeness some of the terminology from [14]. Let G be a group with identity , and let X= (xi | i ∈ Zd)
be a cyclic sequence of generators of G (called henceforth a cyclic generating sequence) together with an involution
 on Zd such that x(i) = x−1i ; the involution  is called the distribution of inverses. A Cayley map CM(G,X, )
may then be deﬁned in these terms as a map on some orientable surface whose vertex set is G and whose dart set is
{(g, i) : g ∈ G; i ∈ Zd}. The reverse of the dart (g, i) is the dart (gxi, (i)). A pair of (mutually) reverse darts forms
an edge (or, exceptionally, a semi-edge if xi =  and (i) = i). At each vertex g ∈ G the clockwise cyclic order of
darts at g is simply ((g, 0), (g, 1), . . . , (g, d − 1)). Thus in a Cayley map, the clockwise cyclic ordering of generators
emanating from a vertex is the same at each vertex. Left multiplication by elements of G induces a transitive action
of G on itself as a group of orientation-preserving map automorphisms of CM(G,X, ); i.e., Cayley maps are not
only vertex-transitive but also orientably vertex-transitive. This explains why the incomparable Levels 3A and 3B fall
strictly between Levels 2 and 4.
Cayleymaps as presented in the previous paragraphmay have loops,multiple edges and semi-edges. This is important
from the standpoint of the theory of regular covering spaces for Cayley maps developed in [14]. The reader is referred
to [3] for further details concerning this theory and its equivalent formulation in terms of a voltage assignment from
the dart set into a group and the corresponding lift.
As explained in detail in [14], Cayley maps are regular covers of single-vertex maps with branch points possibly at
dangling ends of semi-edges and at face centers but with no branch point at the single vertex. In the sequel, M1 will
always denote a single-vertex map in some orientable surface. From [14] combined with Poincaré’s polygon theorem
(see [7]) it also follows that planar Cayley maps are regular lifts of such single-vertex maps M1 where the deﬁning
relations for the voltage group are exactly those induced by the faces of M1.
Single-vertex Cayley maps M1 of valence d can be conveniently described by a single involution on Zd (as in [14]).
First, label the darts of M1 with elements of Zd by assigning 0 arbitrarily to some dart and then continue clockwise
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as the darts appear around the single vertex of M1. This labeling induces an involution  on the set Zd such that (1)
(i) = j if and only if i and j denote mutually reverse darts of the same loop and (2) (i) = i if i denotes a semi-edge.
The map M1 associated with  is denoted by M1(d, ). We note that M1 can be described equivalently as a Cayley map
of the trivial group, in which case the involution  coincides with the distribution of inverses.
From [14] it also follows that the faces of M1(d, ) are in one-to-one correspondence with the orbits (or cycles) of the
permutation + of Zd given by +(i)= (i)+ 1. Indeed, a face corresponding to an orbit of + is formed by “corners”
that appear to the left of the darts that form the orbit. Note that, although both  and + depend upon the selection of the
dart originally labeled 0, their respective orbit structures are independent of this selection. For each i ∈ Zd , let |+(i)|
denote the length of the orbit of + that contains i. It follows immediately that the covalence sequence  of M1(d, )
is
 = (|+(0)|, |+(1)|, . . . , |+(d − 1)|).
We now give more detailed information about Cayley maps that cover this single-vertex map M1(d, ). Let {xi |i ∈ Zd}
be a set of objects, which will eventually become a set of generators of a group G. Let O(+) denote the set of cycles
of the permutation +. To each cycle = (i1, . . . , is) in O(+) we formally assign the word w = xi1xi2 . . . xis . Deﬁne
the group G by
G = 〈xi, i ∈ Zd |wl = ,  ∈ O(+)〉,
where each l is a positive integer. Then, by [14], all Cayley maps covering M1(d, ) can be obtained as lifts of M1
with voltages in groups such as G.
The covalence sequence of the lift of M1(d, ) in the group G is
(l0|+(0)|, l1|+(1)|, . . . , ld−1|+(d − 1)|),
where li = l if i appears in . Informally, the covalence of a face corresponding to an orbit  ∈ O(+) is multiplied l
times in the lift. (The existence of such lifts follows from Section 8 of [14].)
Deﬁnition 2.1. A cyclic sequence  = (c0, c1, . . . , cd−1) is a -multiple of the cyclic sequence  = (|+(0)|,
|+(1)|, . . . , |+(d − 1)|) if for each i ∈ Zd there exists a positive integer li such that ci = li |+(i)| for each i ∈ Zd ,
and li = lj if i and j are in the same orbit of +.
The foregoing analysis directly implies the following:
Theorem 2.1. A cyclic sequence  of length d is the covalence sequence of a Cayley map if and only if there exists an
involution  on the set Zd such that  is a -multiple of the cyclic sequence .
Let us apply Theorem 2.1 to the case d = 5. The reader may wish simultaneously to refer to the ﬁrst two columns
of Table 2 in the Appendix.
Example 2.1. We characterize all covalence sequences of Cayley maps of valence 5. Up to cyclic translation there are
exactly six involutions i on Z5, namely: 1 = (0)(1)(2)(3)(4), 2 = (12), 3 = (13), 4 = (12)(34), 5 = (13)(24), and
6 = (14)(23). The cycle decompositions of the corresponding permutations +i are: +1 = (01234), +2 = (0134)(2),
+3 =(014)(23), +4 =(013)(2)(4), +5 =(01432), and +6 =(01)(24)(3).The covalence sequencesi=i of the associated
single-vertex maps M1(5, i ) (allowing cyclic shift) are 1 =5 = (5, 5, 5, 5, 5), 2 = (4, 4, 4, 4, 1), 3 = (3, 3, 3, 2, 2),
4 = (3, 3, 1, 3, 1) and 6 = (2, 2, 2, 1, 2). The six maps M1(5, i ) are shown in Fig. 1; M1(5, 5) is toroidal while the
others are in the sphere.
By Theorem 2.1, all possible covalence sequences of Cayley maps of valence 5 are -multiples of some i , namely
(5j, 5j, 5j, 5j, 5j), (4j, 4j, 4j, 4j, k), (3j, 3j, 3j, 2k, 2k), (3j, 3j, k, 3j, ), and (2j, 2j, 2k, , 2k), where j, k, 
denote arbitrary positive integers such that all terms are 3.
It is signiﬁcant to compare the above example with Theorem 9.1 of [14], which characterizes only sets of integers
comprising all the terms in a covalence sequence of a Cayley map of a given valence d. For example, for d=5 a feasible
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τ1 τ2 τ3 τ4 τ5 τ6
Fig. 1. One-vertex maps M1(5, i ).
set is {3, 4, 6}. However, this implies neither the multiplicities nor the order of the terms in a covalence sequence of a
corresponding 5-valent Cayley map. It follows from Example 2.1 that, for example, the cyclic sequences (3, 3, 4, 3, 6)
and (4, 4, 6, 3, 6) are realizable asCayleymapswhile the sequence (3, 3, 3, 4, 6) is not. In fact,M(3, 3, 3, 4, 6) contains
no map above Level 1.
While Theorem 2.1 characterizes covalence sequences of Cayley maps, we have no analogous result for non-Cayley
maps whose underlying graphs are Cayley graphs. However, all such maps of a given valence d3 and given covalence
sequence  can be constructed as follows. It is fundamental that in any given planar embedding M of a 3-connected
Cayley graph Cay(G,X), for any element g ∈ G, left-multiplication g : v → gv induces a map-automorphism that
preserves the “color” of each edge, in the sense that g maps the edge [v, vx] to the edge [gv, (gv)x] for all v ∈ G
and x ∈ X. Since gx−1g = gxg−1 is an orientation-preserving map-automorphism if and only if x is, we deﬁne the
generator x to be orientation-preserving or orientation-reversing accordingly. In particular, adjacent vertices v and vx
have identical clockwise covalence sequences if and only if the generator x is orientation-preserving.
With these notions at hand we may run through all sets X of d generators that are closed under inverses. Taking
into account which subsets of X (closed under inverses) consist of orientation-reversing generators, one may trace in
a given direction each face boundary of M and record the (cyclic) sequence of generators created as one moves from
edge to edge around each face. The cyclic sequences thus noted determine the relations of the Cayley group. Due to
vertex-transitivity, it sufﬁces to consider only the faces incident with some common vertex. At this stage it remains to
compare the covalence sequences obtained by this procedure with the sequence . In this way we are able to identify
all possible ways—perhaps none at all—that  can be realized by a map having a Cayley graph as an underlying graph.
If only orientation-preserving sets of generators are considered, one obtains realizability of  by Cayley maps. This
method is used later in the Appendix to complete the ﬁrst two columns of the tables.
If the cyclic sequence  satisﬁes = −1, then we say that  is reversible. If d is even, then the terms ki and ki+d/2
are in opposite positions.
Theorem 2.2. Let  be a cyclic sequence of length d3. If  is reversible and contains either at most one odd term
or exactly two odd terms and they are in opposite positions, thenM() contains a Cayley map.
Proof. Suppose that  = (k0, k1, . . . , kd−1) is reversible. Assume ﬁrst that d is odd and, without loss of generality,
that ki = k−i for all i ∈ Zd . Deﬁne  on Zd by (i) = d − 1 − i for each i, 0 id − 1. Then +(i) = −i and
therefore  = (1, 2, 2, . . . , 2). All -multiples of  have the form (m0, 2m1, 2m2, . . . , 2md−1), where mi = m−i .
The conclusion now follows from Theorem 2.1. If d is even then the argument proceeds in a similar fashion, where 
on Zd is deﬁned by (i) = d − i for the sequence (2)d or by (i) = d − 1 − i for the sequence (1, 2, . . . , 2)2. (The
corresponding one-vertex maps are shown in Fig. 2.) 
Theorem 2.3. Let  = (a0, b, a1, b, a2, b, . . . , ar−1, b) be a cyclic sequence of length 2r whose terms are 3. (1) If
r | b, then  is a covalence sequence of a Cayley map. (2) If there exists a k-subset {i0, i1, . . . , ik−1} ⊆ {0, 1, . . . , r −1}
and a positive integer c such that ai0 = ai1 = · · · = aik−1 = b = c(r + k), thenM() contains both a Cayley map and a
non-Cayley map whose underlying graph is a Cayley graph.
Proof. Let  have the form (a0, b, a1, b, . . . , ar−1, b). Deﬁne  to be the product of 2-cycles of the form (2i, 2i + 1)
where 0 ir−1. Then, +(2i)=2i+2 and +(2i+1)=2i+1, yielding the cyclic sequence =(1, r, 1, r, . . . , 1, r).
Part (1) now follows from Theorem 2.1.
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Fig. 2. One-vertex maps with  = (1, 2, 2, . . . , 2), (2)d , and (1, 2, . . . , 2)2.
An equivalent way to approach this situation is to consider a one-vertex quotient map with r loops corresponding
to a cyclic generating sequence X = (x0, x−10 , x1, x−11 , . . . , xr−1, x−1r−1), where each generator xi has order 3. This
interpretation is used to prove (2). If all the generators xi are orientation-preserving, then the single-vertex quotient
map consists of r loops with disjoint interiors, and so its covalence sequences is (1, r, 1, r, . . . , 1, r). In this case the
covalence sequence of the original Cayley map M must be of the form (a1, cr, a2, cr, . . . , ar , cr) for some positive
integer c, as shown before Theorem 2.1.
If exactly one generator, say xr−1, is orientation-reversing, then the outer face of the (non-orientable) quotientmap has
covalence r+1 and the covalence sequence of the quotient is (1, r+1, 1, r+1, . . . , 1, r+1, 1, r+1, 1, r+1, r+1, r+1).
(This is because, as the faces of the quotient map are traced, whenever the loop labeled xr−1 is encountered, it
is traced twice, once on each side.) It follows that in the sequence  = (a0, b, a1, b, a2, b, . . . , ar−1, b) we have
b = ar−1 = c(r + 1) for some positive integer c. An extension to any k-set of orientation-reversing generators is now
obvious; each orientation-reversing generator xj augments by 1 the covalence of the quotient’s outer face, and amultiple
of this covalence r + k will also appear at the corresponding position of aj in . In this way we construct inM() a
non-Cayley map whose underlying graph is a Cayley graph.
A Cayley map M ∈M() is obtained by replacing in the generating sequence X each of the k pairs of orientation-
reversing generators and their respective inverses by a pair of involutions. The consequence for the quotient map is
that each loop induced by an orientation-reversing generator is replaced by a pair of consecutive semi-edges. The
covalence sequence of the quotient and also that of M will be the same, respectively, as those of a non-Cayley map
whose underlying graph is a Cayley graph. 
Another situation where we can guarantee that the underlying graph is a Cayley graph is presented in the next
theorem.
Theorem 2.4. If all terms in a covalence sequence  of length 3 are even, then M() contains a map whose
underlying graph is a Cayley graph.
Proof. Let  = (2m0, 2m1, . . . , 2md−1). Let Cay(G,X) denote the Cayley graph where X = {xi : i ∈ Zd} and
G = 〈xi |x2i = (xixi+1)mi = , i ∈ Zd〉.
Since all the relators in the group G are of even length, so are all words derivable from the relators (see, for example
[9, pp. 109–110]). Thus Cay(G,X) is bipartite. We deﬁne an embedding of Cay(G,X) so that the cyclic ordering
(x0, x1, . . . , xd−1) of the generators is achieved in the clockwise direction at each vertex of one orbit and in the
counterclockwise direction at each vertex of the other orbit. In this way one constructs a map whose underlying graph
is a Cayley graphwith covalence sequence=(2m0, 2m1, . . . , 2md−1) embedded in an orientable surface. This surface,
however, is the plane because all the deﬁning relations of the group correspond to faces, i.e., by Poincaré’s fundamental
polygon theorem [7], there are no non-contractible cycles. 
The above theorems are illustrations of the profusion of results that might be obtained by choosing various arrange-
ments of loops and semi-edges of the one-vertex quotient map and different arrangements of orientation-preserving
and orientation-reversing generators.
We conclude this section with a few cautionary remarks. If  is a covalence sequence of a Cayley map M, then
it need not hold that  = −1. Moreover, even if this equality does hold, then the reﬂective symmetry of  need
not be extendable to an element of Aut(M). All that can be said in this regard is that if  is a covalence se-
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Fig. 3. Patches and quotients of non-isomorphic Cayley maps with = (4, 6, 6, 6).
a a
b b
c
Fig. 4. Patch and quotient of embedded Cayley graph with = (4, 6, 6, 6).
quence of a map M, then there exists a map isomorphic to M and at the same level as M whose covalence se-
quence is −1. Finally, a given cyclic sequence may, in general, be realizable by non-isomorphic Cayley maps as
well as a non-Cayley map whose underlying graph is a Cayley graph (Level 3A), as illustrated by the following
example.
Example 2.2. Let G1 = 〈a, b, c | b2 = c2 = a4 = (abc)2 = 〉, with the cyclic order of generators (a, a−1, b, c), and
let G2 = 〈a, b | a4 = b6 = (ab)3 = 〉, where the cyclic order of generators is (a, a−1, b, b−1). For i ∈ {1, 2} Fig. 3(i)
shows patches of Cayley maps (Level 4) with the same covalence sequence = (4, 6, 6, 6) for the groups Gi , together
with their one-vertex quotients. The maps are not isomorphic. Since they are 1-ended, 3-connected and planar, their
underlying graphs are also not isomorpic.
Let G3 = 〈a, b, c | b2 = c2 = a4 = abcba−1c = 〉. In this case, a and b are orientation-preserving, while c is
orientation-reversing. The Cayley graph for G3 and the generating set {a, a−1, b, c} also has a planar embedding with
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kd-1 k1
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Fig. 5. Map with = (k0, k1, . . . , kd−1).
Fig. 6. Truncation.
the same covalence sequence (4, 6, 6, 6), but the embedding is not a Cayley map. A patch of this map is illustrated in
Fig 4. The same ﬁgure also shows the two-vertex quotient relative to the orientation-preserving subgroup of G3. When
 = (4, 6, 6, 6), the classM() also contains non-vertex-transitive maps (see Section 4).
3. Covalence sequences of orientably vertex-transitive maps (Level3B)
Throughout this sectionweassume thatM ∈M() is anorientably vertex-transitivemap,where=(k0, k1, . . . , kd−1).
A patch of M is illustrated in Fig. 5.
Let H = Aut+(M). Then for any vertex u ∈ V (M) the stabilizer StabH (u)Zb, where bt = d for some positive
integer t. The group H does not act semi-regularly on the vertex set of M unless M is a Cayley map (which is the case
when b=1). For our purposes, however, we would like to work with a semi-regular action on a map, since such actions
are in an elementary way related to coverings of graphs and maps (see, e.g., [3, Theorem 2.2.2]). The action of H can
be made to be semi-regular if it is considered to act rather on the vertex set of the truncation T (M) of M, deﬁned as
follows. At each vertex u ∈ V (M) we cut off one-third of each of its incident edges and replace u and its incident
“edge-pieces” by a d-gon as indicated in Fig. 6.
In T (M) all vertices are 3-valent and all the corresponding covalences from M have been doubled, as indicated in
the more detailed Fig. 7.
The group H, which was orientation-preserving and transitive on V (M) in the original map M, is still orientation-
preserving on T (M) but now acts semi-regularly on V (T (M)) with t =d/b orbits. If we “mod out” by H, we obtain the
ﬁnite quotient map T (M)/H in some orientable surface. Its underlying graph is 3-valent of order t and one of its faces
is bounded by a t-circuit, i.e., it is Hamiltonian. The H-orbits of T (M) are the vertices of T (M)/H , and two vertices
of T (M)/H are adjacent if and only if some edge of T (M) joins a pair of vertices in their respective orbits (Fig. 8).
The truncated map T (M) can be reconstructed by lifting the quotient map T (M)/H with voltages  ∈ H on arcs of
T (M)/H (see Fig. 9).
Letwt denote the face of covalence t, and let the remaining (not necessarily distinct) faces be denoted byw0, w1, . . . ,
wt−1. Note that each face wi , 0 i t − 1, has even covalence, say 2i . This is because the edges incident with wi are
alternately projections of edges incident with a face that projects onto wt and projections of edges not incident with
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Fig. 9. Projection of a truncated map.
such a face, i.e., edges joining two such faces. For the voltages wj in the group H around the faces wj we obtain the
following identities:
(wt )
b = , (wi )ki/i = , 0 i t − 1. (1)
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Since all the relations deﬁning the voltage group H come only from faces, it follows again from Poincaré’s fundamental
polygon theorem that the lift is a planar map.
The foregoing analysis immediately implies the following procedure for determining whether a cyclic sequence 
of length d is the covalence sequence of an orientably vertex-transitive map M.
Procedure. Let a covalence sequence  = (k0, k1, . . . , kd−1) be given. For each positive divisor t of d such that Zd/t
acts on , list all possible 3-valent Hamiltonian maps on t vertices where one face f is bounded by a Hamiltonian circuit.
For each such map, form the (clockwise or counterclockwise) cyclic sequence (20, 21, . . . , 2t−1) of the covalences
that appear around the face f. There exist positive integers m0,m1, . . . , mt−1 such that m00,m11, . . . , mt−1t−1 are
t consecutive terms of  if and only if  is the covalence sequence of an orientably vertex-transitive map.
Realizability of  via Cayley maps can be checked by running the Procedure for t = d. This is because Cayley maps
coincide with regular lifts of one-vertex maps (cf. Proposition 1.3). This remark about Cayley maps reveals a notable
connection between covalence sequences of orientably vertex-transitive maps and Cayley maps: for t3 the sequence
(0, 1, . . . , t−1) of half-lengths of the outer faces corresponding to the trivalent map with a t-covalent Hamiltonian
face in Fig. 8 is itself a covalence sequence of a t-valent planar Cayley map. This is not so when t2, because by
contracting the Hamiltonian face we obtain a one-vertex graph of valence t2. Sequences corresponding to t2 are
constant sequences (k)d when t = 1 and alternating sequences (k, )d/2 of even length when t = 2. (The latter are
exactly the edge-homogeneousmaps characterized in Proposition 1.2.) It follows that covalence sequences of orientably
vertex-transitive planar maps are also obtainable by catenating copies (possibly just one copy) of a covalence sequence
of a Cayley map. We summarize this discussion as follows.
Theorem 3.1. Let  be a cyclic sequence of length d which is neither constant nor alternating. Then  is the covalence
sequence of an orientably vertex-transitive map if and only if =d/t for some divisor t3 of d, where  is a covalence
sequence of a t-valent Cayley map.
4. Covalence sequences of vertex-transitive maps (Level2)
The Procedure of the previous section was stated only for orientably vertex-transitive maps. In principle, one may
extend the Procedure in order to identify covalence sequences of all vertex-transitive graphs. As before, one must
consider all possible quotients of truncated maps, but now the supporting surface of the quotient may be non-orientable
and it may contain boundary components (cf. [19,3, Chapter 6]). Reconstruction of all possible lifts of such quotients
is more complicated than in the orientable case, and the corresponding theory is at the time of this writing still under
development [16].
An application of the Procedure to vertex-transitive graphs in general is seen in the following result.
Theorem 4.1. For a cyclic sequence  there exist only ﬁnitely many (1-ended, 3-connected, planar) orientably vertex-
transitive maps with covalence sequence .
Proof. According to the Procedure, for any given sequence  of length d we need only consider all divisors t of d
such that Zd/t acts on . For each such t we construct all the corresponding quotients that are orientable embeddings
of 3-valent graphs on t vertices such that one of their faces is bounded by a Hamiltonian circuit. As for each given
sequence of length d there are only ﬁnitely many such quotients, the number of their lifts in groups deﬁned precisely by
the relations (1) is also ﬁnite. It follows that the number of planar orientably vertex-transitive maps having covalence
sequence  is ﬁnite. 
Theorem 4.1 is false if the condition of vertex-transitivity is dropped. Counterexamples include the covalence
sequences 1 = (4, 4, 4, 5) and 2 = (3, 4, 3, 4, 4). We illustrate this for 1; the corresponding result for 2 can be
obtained using Bilinski diagrams which are brieﬂy discussed in Section 6.
Example 4.1. In Fig. 10(a) we see a patch of a vertex-transitive realization of the covalence sequence = (4, 4, 4, 5).
There are strips of 4-gons in it through which one can cut the map into exactly two (inﬁnite) pieces, then translate one
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Fig. 10. Patches of non-isomorphic maps with = (4, 4, 4, 5).
of the pieces by one 4-gon, and then reattach the two pieces to obtain the map shown in Fig. 10(b). (The dotted lines in
Fig. 10 indicate the cuts.) The new map will have the same covalence sequence (4, 4, 4, 5) at each vertex, but it is not
isomorphic to the original map, and it is not vertex-transitive. Inﬁnite sequences of such cuts with translation can be
selected in uncountably many ways to produce uncountably many pairwise non-isomorphic maps, all with covalence
sequence (4, 4, 4, 5).
The existence of inﬁnitely many maps with the “valence sequence” (4, 4, 4, 6) was mentioned by Moran [12, p. 179]
in a different context.
Lemma 4.1. Let M be a (ﬁnite or inﬁnite, planar or non-planar) vertex-transitive map, let A = Aut(M), and let
u ∈ V (M).
(1) If StabA(u) contains at least one reﬂection, then M is orientably vertex-transitive.
(2) If StabA(u) contains exactly one reﬂection, then M is a Cayley map.
Proof. (1) Let H =Aut+(M), and suppose that [A : H ]= 2. To show that H acts transitively on V (M), let v ∈ V (M).
By the vertex-transitivity of M, we may choose g ∈ A such that g(u)= v. If g ∈ H there is nothing to prove. If g /∈H ,
let r be a reﬂection in StabA(u). Then gr(u) = v and gr ∈ H .
(2) If StabG(u) contains exactly one reﬂection then StabH (u) is trivial. Hence H acts regularly on V (M), and so M
is a Cayley map for the group H by Proposition 1.1. 
Corollary 4.1. Let M be a vertex-transitive map of a prime valence p having covalence sequence . Then exactly one
of the following holds:
(1) M is a Cayley map (Level 4);
(2) M is not a Cayley map but its underlying graph is a Cayley graph (Level 3A), and  contains at least two different
values;
(3) M is an orientably vertex-transitive map, its underlying graph is a Vertex-transitive non-Cayley graph (Level 3B),
and  = (k)p where k has no divisor t such that 2 tp.
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Proof. Suppose that  contains at least two different values. Then the stabilizer of a vertex of M is either trivial, which
implies that the underlying graph of M is a Cayley graph (by Proposition 1.1), or the stabilizer contains exactly one
reﬂection, in which case M is a Cayley map by Lemma 4.1(2).
Now suppose that = (k)d . Then the existence of M is assured by Proposition 1.2. By Lemma 4.1(1), M is orientably
vertex-transitive. The rest follows from Proposition 1.4. 
Example 4.2. Let  be the cyclic sequence of the form (3, 4, 3, 4, 4). According to Corollary 4.1 any vertex-transitive
map inM() would have to be a Cayley map or a non-Cayley map whose underlying graph is a Cayley graph. But
then, since  is of the form (k, k, , k, ) and neither 3|k = 4 nor 2| = 3, Table 2 tells us that any map inM() is at
most at Level 1. The way to show thatM() is not empty for this particular  (and others of that ilk) is explained in
Section 6.
Corollary 4.2. Let  be a covalence sequence of a vertex-transitive map M such that a number k appears in  either
(1) in exactly one set of consecutive positions but not all positions or (2) exactly twice but not in opposite positions.
Then the underlying graph of M is a Cayley graph.
Proof. In both cases the vertex-stabilizers either are trivial or contain at most one reﬂection, and Lemma 4.1
applies. 
5. Finite vertex-transitive maps
The class of covalence sequences of inﬁnite, 1-ended, 3-connected, planar orientably vertex-transitivemaps coincides
precisely with the class of covalence sequences of ﬁnite vertex-transitive maps on orientable surface of positive genus,
as we now demonstrate.
Theorem 5.1. Let  be a cyclic sequence of length 3 whose terms are integers 3. Then  is a covalence sequence
of some ﬁnite orientably vertex-transitive map on some compact orientable surface of positive genus if and only if  is
covalence sequence of an inﬁnite (3-connected, 1-ended, planar) orientably vertex-transitive map.
Proof. Let M be an orientably vertex-transitive map with covalence sequence  on an orientable surface S	 of genus
	1. Let the surface S	 be represented in the standard way by identifying certain sides of a regular (4	)-gon (cf., for
example [11, p. 10ff.]) with M embedded in its interior. We now tessellate the plane (Euclidean if 	 = 1, hyperbolic if
	> 1) by congruent copies of this (4	)-gon again with appropriate side identiﬁcations. The union of all copies of M in
all these polygons induces a map M˜ . The map M˜ is a regular covering space of M, and all automorphisms of M lift
to automorphisms of M˜ . (This was explicitly proved in Proposition 5.2 of [17] for 	 = 1 and the method generalizes
to all 	1.) It follows that M˜ is inﬁnite, planar, orientably vertex-transitive, and 3-connected and has the covalence
sequence .
Conversely, let M˜ be an inﬁnite (3-connected, 1-ended, planar) orientably vertex-transitive map with the given
covalence sequence . We ﬁx a vertex v in M˜ and denote by W the set of all vertices incident with faces incident with
v. Let B be the set of all non-identity automorphisms g ∈ Aut+(M˜) such that g(v) ∈ W . As a consequence of a result
in [10] the group Aut+(M˜) is residually ﬁnite (see also [14,20]), which means that there exists a normal subgroup H
in Aut+(M˜) of ﬁnite index such that H ∩ B = ∅. Let M = M˜/H be the quotient map. It follows that M is a ﬁnite
orientably vertex-transitive map on some orientable surface of positive genus. Let 
 : M˜ → M be the corresponding
covering projection. Since H ∩B =∅, the restriction of 
 to W is a bijection. This implies that M and M˜ have the same
covalence sequence . 
For vertex-transitive maps on non-orientable surfaces we have an analogous result only in one direction.
Theorem 5.2. Let  be a cyclic sequence of length 3 whose terms are integers 3. If  is a covalence sequence
of some ﬁnite vertex-transitive map on some compact non-orientable surface of genus at least 2, then  is covalence
sequence of an inﬁnite (3-connected, 1-ended, planar) vertex-transitive map.
Proof. As in the proof of Theorem 5.1 we represent a non-orientable surface of genus 2 by a (2)-gon with the
ﬁnite map M embedded in its interior, and we tessellate the plane (Euclidean if =2, hyperbolic if > 2) by congruent
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copies of this (2)-gon. As before, the union of all copies of M in all these polygons induces a map M˜ which is
vertex-transitive, 3-connected and has the same covalence sequence as M. 
We note that Theorem 5.2 could as well be proved using two-fold orientable covers.
Theorem 5.3. Let  be a covalence sequence of some ﬁnite orientably vertex-transitive map on some orientable
surface of positive genus. Then there exist inﬁnitely many non-isomorphic ﬁnite orientably vertex-transitive maps with
covalence sequence .
Proof. Let M be a ﬁnite orientably vertex-transitive map on some orientable surface of positive genus. We follow
the method used in the second part of the proof of Theorem 5.1. First, we lift the map M onto an inﬁnite (1-ended,
3-connected, planar) orientably vertex-transitive map M˜ with covalence sequence . Let B ′ be an arbitrary ﬁnite
superset of the set B deﬁned in the proof of Theorem 5.1 such that B ′ does not contain the identity automorphism. By
residual ﬁniteness, the group Aut+(M) contains a normal subgroup H ′ of ﬁnite index such that B ′ ∩ H ′ = ∅. Since
there are inﬁnitely many choices for such ﬁnite supersets B ′ of B and subgroups H ′, there also exist inﬁnitely many
non-isomorphic quotient maps M˜/H ′ that are ﬁnite, orientably vertex-transitive and have covalence sequence . 
6. Some non-realizability conditions (Level 0)
It is difﬁcult to establish existence of vertex-homogeneous but not vertex-transitive maps by the algebraic methods
of Section 4.A more geometric approach is the use of Bilinski diagrams, ﬁrst deﬁned rigorously in [13] but also used in
[12] and earlier in [4]. Intuitively, in a Bilinski diagram of a map, vertices are arrayed on concentric circles in the plane
around some central vertex. Edges appear either as arcs joining pairs of consecutive vertices on the same circle or as
segments joining pairs of vertices on consecutive circles. The latter edges partition the annuli between two consecutive
circles into faces. This “concentric” property holds for vertex-homogeneous maps that do not have both low valence
and a covalence sequences with consecutive or nearly consecutive small entries (cf. [1]). At the expense of losing some
generality, it is safe to assume that the valence is at least 4 and there are no 3-covalent faces, or that the valence is at
least 5 and there are no adjacent 3-covalent faces, or that the valence is at least 6.
In order to prove existence of a vertex-homogeneous map with a given covalence sequence it sufﬁces to show that
its Bilinski diagram can be constructed inductively. In other words, it sufﬁces to prove that, for any n1, any patch
of a Bilinski diagram consisting of a set of n concentric circles and their interiors can be extended by adjoining a new
“corona”. We will illustrate this with the following result. (See the “cautionary remark” following Theorem 2.3, lest
the reader be tempted to say that it follows from Lemma 4.1(2)!)
Theorem 6.1. Let  = (k, k, . . . , k, ) be a cyclic sequence of length d. Assume that (1) d, k, 4, or (2) d5 and
either k4 or 5, or (3) d6. Then there exists a vertex-homogeneous map with covalence sequence .
Proof. In order to show that a patch of a Bilinski diagram of n coronas can be extended, we observe that in the
additional corona no two -covalent faces are adjacent, but a k-covalent face may be adjacent to either a k-covalent or
an -covalent face. It therefore sufﬁces to show that the k-covalent and -covalent faces can always be arranged in such
a way (subject to the above restriction) to extend the patch. That the faces may be indeed so combined is illustrated in
Fig. 11 for valence d = 5.
These diagrams are naturally generalizable to any valence greater than 5, and a minor modiﬁcation works for valence
4 subject to the above limitations (and also for d = 3 under yet more stringent assumptions). 
This method was used to obtain the parameters for non-vertex transitive maps of the tables in the Appendix.
There seem to be no results in the literature related to non-realizability of cyclic sequences by vertex-homogeneous
maps. We offer here two simple theorems which are also used in the Appendix.
Theorem 6.2. Let k, ,m be distinct integers 3,  odd. Let  be a cyclic sequence of length 3 containing one or
more segments of the forms [k, ,m] or [m, , k]. Assume further that if there is any other instance of the number 
elsewhere in , then it neither immediately precedes nor immediately follows k or m. Then  is not realizable as a
covalence sequence of a map.
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Fig. 11. Patch of Bilinski diagram for = (k, k, k, k, ).
Proof. Suppose that M is a map realizing the covalence sequence . Then there exists an l-covalent face f of M the
adjacent faces of which have covalences k and m alternately around f. Since k = m, the covalence of f must be even.

A similar proof yields the following result.
Theorem 6.3. Let  be a cyclic sequence of length 3 containing one or more segments of the forms [k, , ,m] or
[m, , , k], where k, ,m are distinct integers 3, and  is odd. Assume further that if there is any other instance of
the number  elsewhere in , then it neither immediately precedes nor immediately follows k or m or . Then  is not
realizable as a covalence sequence of a map.
7. Concluding remarks
Some of our classiﬁcation theorems for covalence sequences of planar Cayley maps and planar orientably vertex-
transitive maps have an algorithmic ﬂavor. The existence of a simple arithmetic characterization of these covalence
sequences that is analogous to the results in [14, Theorems 9.1 and 9.2] for sets of covalences is unlikely.
A main tool in the present article for gaining information about covalence sequences of planar maps of given level
of transitivity is to pass to quotient maps obtained by “modding out” by a subgroup H of automorphisms of the original
map. As discussed at the beginning of Section 4, this method can be used to characterize covalence sequences also in
the case when orientation-reversing automorphisms are taken into account. However, while modding out by a subgroup
H consisting of the orientation-preserving automorphisms always leaves a quotient map embedded in an orientable
surface, this need not be the case when H contains an orientation-reversing automorphism. In fact, in such a case the
quotient surface may be non-orientable and may contain boundary components. We defer this much more complex
analysis to a forthcoming project.
Appendix
Tables 1 and 2 in this appendix contain a complete classiﬁcation of maps of valences 3, 4, and 5. The following
abbreviations are used:
CM a Cayley map (Level 4);
NCMCG a non-Cayley map whose underlying graph is a Cayley graph (Level 3A);
VTNCG a vertex-transitive map whose underlying graph is not a Cayley graph (Levels 3B and 2);
NVTM a map that is not vertex-transitive (Level 1);
NR a non-realizable sequence (Level 0).
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Table 1
Classiﬁcation for valences 3 and 4
Sequence  CM NCMCG VTNCG NVTM NR
(k, k, k) (k, 6) = 1 (k, 6) = 1 (k, 6) = 1 ∅ ∅
(k, k, ) 2|k 4|k or ∅ ∅ 2k
2|k, 
(k, ,m) ∅ 2|k, ,m ∅ ∅ At least one
of k, ,m odd
(k, k, k, k) (k, 6) = 1 (k, 6) = 1 (k, 6) = 1 ∅ ∅
(k, k, k, ) (k, 6) = 1 3|k or 4|k ∅ All values ∅
or 2|k,  of k, 
(k, k, , ) 2|k,  2|k,  ∅ ∅ 2k or 2
(k, , k, ) 2|k or 2| 2|k,  2k,  ∅ ∅
(k, k, ,m) ∅ 2|k, ,m ∅ 2|k, ,m At least one
of k, ,m odd
(k, , k,m) 2|k (4|k & 2|m) ∅ ∅ All remaining
or 2|k, ,m values of k, ,m
(k, ,m, n) ∅ 2|k, ,m, n ∅ ∅ At least one of
k, ,m, n odd
Table 2
Classiﬁcation for valence 5
Sequence  CM NCMCG VTNCG NVTM NR
(k, k, k, k, k) (k, 30) = 1 (k, 10) = 1 (k, 30) = 1 ∅ ∅
or 6|k
(k, k, k, k, ) (k, 6) = 1 4|k or 6|k ∅ All values ∅
or 2|k,  of k, 
(k, k, k, , ) (k, 6) = 1 & 2| (k, 6) = 1 & 2| ∅ 2| 2
(k, k, , k, ) 3|k or ((k, 6) = 1 & 2|) ∅ All values ∅
2|k,  or 6|k of k, 
(k, k, k, ,m) ∅ 2|k, ,m ∅ 2|,m 2 or 2m
(k, k, , k,m) 3|k 2|k, ,m or ∅ All values ∅
(4|k & 2|) of k, ,m
or 6|k
(k, k, , ,m) ∅ 2|k, ,m ∅ 2|k, ,m At least one
of k, ,m odd
(k, , k, ,m) ∅ 2|k, ,m ∅ 2|m 2m
(k, k, ,m, ) 2|k,  2|k, ,m or ∅ ∅ 2k or 2
(4|k & 2|) or
(2|k & 4|)
(k, k, ,m, n) ∅ 2|k, ,m, n ∅ 2|k, ,m, n At least one of
k, ,m, n odd
(k, , k,m, n) ∅ 2|k, ,m, n or ∅ 2|k,m, n At least one of
(4|k & 2|m, n) k,m, n odd
(k, ,m, n, p) ∅ 2|k, ,m, n, p ∅ ∅ At least one of
k, ,m, n, p odd
By 2|k, ,m (respectively, 2k, ,m) we mean that all of k, , and m are divisible (respectively, are not divisible) by
2. As usual, the symbol (a, b) denotes the greatest common divisor of a and b. We make the convention that distinct
letters in a covalence sequence are presumed to denote distinct values.
Entries in the CM and NCMCG columns were obtained by the procedure described in Section 2 before the statement
of Theorem 2.4 and also Corollary 4.1(2). TheVTNCG column was compiled on the basis of Lemma 4.1 and Corollary
4.1(3). Entries in the NVTM column can be obtained by the method of Bilinski diagrams as indicated in Section 6.
The last column follows from Theorems 6.2 and 6.3. We note that some of the entries for valences 3 and 4 can also be
extracted from [14].
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